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Abstract
The paper presents an approach to solving the problem of nanosatellite’s the main central moments of inertia values
estimation, which is considered to be a body of variable mass in the course of flight, using the differential evolution
algorithm. As an example, a nanosatellite of the CubeSat3U format with a propulsion system whose working body is
about 10% of its total mass is considered. When nanosatellite maneuvering, the mass of the nanosatellite is reduced,
as a result the moments of inertia and the position of the center of mass change, which affects the operation of the
algorithm for maintaining the required orientation in space and stabilizing the motion. The study showed that the
accuracy of estimating the magnitudes of moments of inertia is less than 1%.
Keywords: nanosatellite, differential evolution, algorithm, propulsion unit
Nomenclature
T - measurement period;
Acronyms/Abbreviations
GYR – gyroscope;
MAG – magnetometer;
ADCS – attitude determination and control system;
ISS – International Space Station;
DE – differential evolution algorithm;
AWS – the coordinate system associated with the
spacecraft;
AGS – the absolute geocentric coordinate system;
OCS – orbital coordinate system;
IGRF – International Geomagnetic Reference Field;
RMS – root mean square

1. Introduction
Today, in addition to solving educational problems
[1], nanosatellites are gradually beginning to perform
increasingly complex space missions, for example
[2,3,4]. Constantly growing requirements for the
functionality of nanosatellites led to the natural
appearance of propulsion systems [5, 6], which
significantly expand the capabilities of nanosatellites to
implement complex space missions. However, according
to statistics, the reliability of nanosatellites remains at a
lower level compared to full-size space vehicles [7]. This
is primarily due to the inexpensive commercial
components used in their design.
Thus, the problem arises of maintaining the stable
operation of nanosatellite systems in the event of failure
of one or more components. For example, ADCS is
critical for missions that require precise orientation of the
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nanosatellite axes. For correct operation of this system, it
is necessary to meet the following conditions: firstly,
knowledge of the dynamic characteristics of the
nanosatellite, and secondly, the correct operation of
measuring instruments, controls, and on-board
algorithms for determining attitude and control.
This paper considers an approach that makes it
possible to estimate the main central moments of inertia
from the accumulated information from one type of
measuring sensors (in this work it is a gyroscope, an
angular velocity sensor and light sensors).
A similar approach was used in [8], in which the
moments of inertia of spacecraft were determined in
flight when control actions were applied to the spacecraft
with the help of flywheels and orientation engines, as
data were used with GYR and accelerometer. A method
for estimating the inertia tensor of the ISS is given in [9],
but in this work the test actions of the control bodies were
also used. In [10, 11] approaches are given to the
reconstruction of the angular motion of the spacecraft by
processing the readings of magnetometers; in the above
articles, in addition to the parameters of the angular
motion, the moments of inertia of the spacecraft are also
estimated, and Gauss Newton and Levenberg Marquardt
methods are used to solve problems. Thus, this work
differs from the known ones in that the object of the study
is a nanosatellite of the Cubesat 3U format and it is not
necessary to apply special test actions.
The DE algorithm is used for numerical solution of
the problem. The use of DE as a numerical method is due
to the following reasons: firstly, the absence of the need
to search for the initial approximation for the required
parameters. Secondly, there is no need to calculate the
partial derivatives of the minimized function, which
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allows you to get rid of time-consuming mathematical
transformations and makes it possible to use more
complex mathematical models of angular motion and
measurement models. Third, an increase in the accuracy
of the solution is achieved due to the lack of the need for
the numerical determination of partial derivatives, and a
search for a global extremum is provided, in contrast to
the first and second order methods, which often find local
extrema. The disadvantage of using DE is the large
number of calls to the minimized function.
In this article, the proposed approach is illustrated by
the example of SamSat-M nanosatellite (Fig. 1),
developed at Samara University and designed to test the
developed propulsion system [12].

• The moments of inertia on the satellite are known
with an accuracy of 5%
• Model of the angular motion of the satellite takes
into account the actions of the aerodynamic and
gravitational moment
• Only the main central moments of inertia are
determined
• The satellite is not a dynamic symmetric body
2.1 Rotation motion model
To write the equations of motion of the spacecraft
around the center of mass (point O) (Fig. 2), as well as
the relations used in data processing, three right Cartesian
coordinate systems are introduced.

Fig. 1. SamSat-M nanosatellite
Nanosatellite has a traditional set of sensors inertial
information, as well as sensors of a different physical
nature – MAG’s and light sensors.
2.

Problem formulation
Let there be a set of measurements from MAG β, the
GYR τ and light sensors γ. The measurements are
obtained during the time T - the measurement period.
It is required to obtain estimates of the main central
moments of inertia of the nanosatellite (𝐼𝑥 , 𝐼𝑦 , 𝐼𝑧 ). This
problem reduces to the problem of non-linear
multidimensional optimization, namely, to find the
minimum of the objective function (1) (in case of using
measurements from one type of sensor):
2
𝐽(𝑏) = ∑𝛼=𝑥𝑦𝑧 ∑𝑁
𝑖=1(𝜁𝛼𝑖 (𝑏) − 𝜂𝛼𝑖 )

(1)

where 𝜁𝛼𝑖 is the measurement model, 𝑏 is the vector
of the estimated parameters, 𝜂𝛼𝑖 is measurement, In this
case, the vector of estimated parameters has the form:
𝑏 = [𝐼𝑥 , 𝐼𝑦 , 𝐼𝑧 ]

(2)

In the process of preflight preparation, the moments
of inertia of the nanosatellite can be determined with an
accuracy of about 5%. As inputs to the operation of the
numerical algorithm, accumulated measurements from
sensors are used, as well as the range of permissible
moments of inertia. Also, based on the energy balance of
the satellite, it is possible to output one impulse per turn.
The following assumptions follow from these
conditions:
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Fig. 2. Coordinate systems
The coordinate system (AWS) associated with the
spacecraft is formed by the main central axes of inertia
and has the designation 𝑂𝑋с 𝑌с 𝑍с . The absolute geocentric
coordinate system (AGS) has the designation С𝑋а 𝑌а 𝑍а a
with the origin at the center of mass of the Earth (point
C). The axis 𝑋а is directed to the point of the vernal
equinox. The axis 𝑍а is directed to the north pole of the
world. The 𝑌а axis completes the system to the right.
Orbital coordinate system (OCS) has the designation
𝑂𝑋𝑜 𝑌𝑜 𝑍𝑜 . The beginning of the system is in the center of
mass of the spacecraft. The 𝑋𝑜 axis is directed along the
RA radius vector. The axis 𝑍а is perpendicular to the
plane of the orbit. The 𝑍а axis completes the system to
the right.
OCS is obtained from AGS by three successive turns
by an angle of longitude of the ascending node Ω around
the axis 𝑍а , by the inclination angle i around the new axis
𝑋′𝑎 and by the latitude argument u the new axis circle
𝑍′′𝑎 . The position of the AWS relative to the OCS is
given by three consecutive rotations through the
precession angle ψ around the 𝑌𝑜 axis, the angle of attack
α around the new axis 𝑍′𝑜 and by the angle of proper
rotation φ around the new axis 𝑌′′𝑜 .
The rotational motion of the space vehicle is
described by the dynamical (3) and kinematic Euler
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equations (4). The right-hand sides of the dynamic Euler
equations take into account the gravitational and
aerodynamic moments. The equations of motion have the
form:
𝜔𝑥̇ = 𝜇 (𝜔𝑦 𝜔𝑧 − 𝜈 𝑎21 𝑎31 ) + 𝑝 𝐸 (𝑟𝑦 𝑉с𝑧 − 𝑟𝑧 𝑉с𝑦 ) 𝑆 |𝑉с |
𝜔𝑦̇ =

1−𝜆
1+𝜆𝜇

(𝜔𝑥 𝜔𝑧 − 𝜈 𝑎31 𝑎11 ) +

𝜆
1+𝜆𝜇

𝑝 𝐸 (𝑟𝑧 𝑉с𝑥 − 𝑟𝑥 𝑉с𝑧 ) 𝑆 |𝑉с |

(3)

𝜔𝑧̇ = −(1 − 𝜆 + 𝜆𝜇) (𝜔𝑥 𝜔𝑦 − 𝜈 𝑎21 𝑎11) + 𝜆 𝑝 𝐸 (𝑟𝑥 𝑉с𝑦 − 𝑟𝑦 𝑉с𝑥 ) 𝑆 |𝑉с |
𝐼𝑦 −𝐼𝑧
𝐼𝑥

where 𝜆 =

𝐼𝑧

и 𝜇=

𝐼𝑥

– dimensionless inertia

coefficients (the expressions for the dimensionless inertia
coefficients are taken from [11];
3∙𝜇
𝜈 = 3𝑒 – gravitation torque coefficient;
𝑟
𝑝 = 0,5 𝜌 С𝑥 – drag coefficient;
S – the area of the projection of the nanosatellite
surface onto a plane perpendicular to the velocity vector;
𝜌- the density of the atmosphere at an altitude of
nanosatellite orbit;
⃗⃗𝑉с = (𝑉с𝑥 𝑉с𝑦 𝑉с𝑧 ) – orbital velocity vector;
𝑟 = (𝑟𝑥 𝑟𝑦 𝑟𝑧 ) – vector directed from the center of
mass to the center of pressure.
𝑑𝑞0
= 0.5 ∙ (−(𝜔𝑥 − 𝜔𝑟𝑥 ) ∙ 𝑞1 − (𝜔𝑦 − 𝜔𝑟𝑦 ) ∙ 𝑞2 − (𝜔𝑧 − 𝜔𝑟𝑧 ) ∙ 𝑞3 )
𝑑𝑡
𝑑𝑞1
= 0.5 ∙ ((𝜔𝑥 − 𝜔𝑟𝑥 ) ∙ 𝑞0 + (𝜔𝑧 − 𝜔𝑟𝑧 ) ∙ 𝑞2 − (𝜔𝑦 − 𝜔𝑟𝑦 ) ∙ 𝑞3 )
𝑑𝑡
(4)
𝑑𝑞2
= 0.5 ∙ ((𝜔𝑦 − 𝜔𝑟𝑦 ) ∙ 𝑞0 + (𝜔𝑥 − 𝜔𝑟𝑥 ) ∙ 𝑞3 − (𝜔𝑧 − 𝜔𝑟𝑧 ) ∙ 𝑞1)
𝑑𝑡
𝑑𝑞3
= 0.5 ∙ ((𝜔𝑧 − 𝜔𝑟𝑧 ) ∙ 𝑞0 + (𝜔𝑦 − 𝜔𝑟𝑦 ) ∙ 𝑞1 − (𝜔𝑥 − 𝜔𝑟𝑥 ) ∙ 𝑞2 )
𝑑𝑡

0

where 𝜔⃗𝑟 = 𝐴(𝑞) ∙ [ 0 ] , 𝜔orb − spacecraft orbital
𝜔orb

angular velocity.
Transition matrix 𝐴(𝑞) is shown as follows
1 − 2 ∙ (𝑞2 ∙ 𝑞2 + 𝑞3 ∙ 𝑞3 )
2 ∙ (𝑞1 ∙ 𝑞2 + 𝑞3 ∙ 𝑞0 )
2 ∙ (𝑞1 ∙ 𝑞3 − 𝑞2 ∙ 𝑞0 )
1 − 2 ∙ (𝑞1 ∙ 𝑞1 + 𝑞3 ∙ 𝑞3 )
2 ∙ (𝑞2 ∙ 𝑞3 + 𝑞1 ∙ 𝑞0 ) ]
[ 2 ∙ (𝑞1 ∙ 𝑞2 − 𝑞3 ∙ 𝑞0)
2 ∙ (𝑞1 ∙ 𝑞3 + 𝑞2 ∙ 𝑞0)
2 ∙ (𝑞2 ∙ 𝑞3 − 𝑞1 ∙ 𝑞0 )
1 − 2 ∙ (𝑞1 ∙ 𝑞1 + 𝑞2 ∙ 𝑞2 )

The motion model in the form (3) and (4) is
convenient in that the vector r в enters it explicitly. This
vector makes it possible to estimate the displacement of
the center of mass of the spacecraft during the
consumption of the working medium, since a singlevalued correspondence can be obtained between the
values of 𝑙𝑡 and r .
2.2 Measurements models
Model of measurements of MAG. The magnetometer
measurement model is a vector of the Earth's magnetic
⃗ 𝐼𝐺𝑅𝐹 [] calculated by the IGRF model. This vector
field 𝐵
⃗ meas = 𝐴 ∙
is measured in the AWS, hence the vector 𝐵
⃗𝐵𝐼𝐺𝑅𝐹 measured. We also add to the measured vector the
measurement noise 𝑤𝐵 , determined according to the
normal law with a given RMS σ. Thus, the mathematical
model of measurements of the magnetometer is written
as:
⃗ meas = 𝐴 ∙ 𝐵
⃗ 𝐼𝐺𝑅𝐹 + 𝑤𝐵 (𝜎)
𝐵
(5)
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Model of measurements of the angular velocity
sensor. The angular velocity measurement model is a
solution of the system (1) 𝜔
⃗ with the measurement noise
𝑤𝑎 , determined according to the normal law with a given
RMS σ. Thus, the mathematical model of the GYR
measurements is written as:
𝜔
⃗ meas = 𝜔
⃗ + 𝑤𝑎 (𝜎)

(6)

Model of measurements of the light sensor. The light
sensor is a flat surface, the orientation of which is
specified by the normal vector 𝑛⃗ in the AWS. The signal
generated by the sensor is assumed to be proportional to
the cosine of the angle of incidence of the sun's rays〖
𝐼dir = 𝐼𝑚𝑎𝑥 ∙ cos(𝑛⃗ ∙ 𝑆)

(7)

In addition to taking into account the generation of
the signal from direct solar radiation, described by the
model (4), the current generated by the solar radiation
reflected from the Earth is also taken into account in this
work:
𝐼ref = 𝐼𝑚𝑎𝑥 ∙ 𝐴av ∙ 𝜑2

(8)

where 𝐴av is the average value of the Earth's albedo,
𝜑2 is the combined slope [13], 𝐼𝑚𝑎𝑥 is the maximum
value of the signal in this work 𝐼𝑚𝑎𝑥 = 1. Also, the noise
is added to the measurements 𝑤𝐿 . Thus, the measurement
model in this paper has the form
𝐼 = 𝐼dir + 𝐼ref + 𝑤𝐿
(9)
2.3 Algorithm of problem solution
The search for the minimum of the objective function
(1) is carried out using DE [14], which consists in
performing the following steps:
the assignment of the original array X consisting of N
vectors b (N at each iteration is constant and is one of the
parameters of the DE), each element of the vector b being
randomly generated within the required limits;
generation of a new array X𝑛𝑒𝑤 of vectors b: for each
vector 𝑏𝑖 from the array X randomly selected three
different vectors 𝑏1 , 𝑏2 , 𝑏3 , , whose indices do not
coincide with the index of the vector 𝑏𝑖 , and the so-called
modified vector (mutant vector) is calculated by the
formula: 𝑏𝑚 = 𝑏1 + 𝐹 ∙ (𝑏2 − 𝑏3 ), where F is a constant
in the interval [0, 1], which is a parameter of the DE
algorithm;
over the modified vector 𝑏𝑚 , a "crossover"
operation is performed, consisting in that some of its
elements are replaced by the corresponding elements
from the source vector 𝑏𝑖 (each element is replaced with
a probability P, which is also another parameter of the
DE algorithm);
if the obtained vector is better than the vector 𝑏𝑖 ,
that is, the value of the objective function decreases
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1,031
1,0305

λ

𝐽(𝑏𝑡 ) < 𝐽(𝑏𝑖 ), then in the new array X𝑛𝑒𝑤 the vector b_i
is replaced by the new vector 𝑏𝑡 (called the test vector,
trial vector), otherwise 𝑏𝑖 ;
paragraphs 1 to 4 repeat the specified number of
iterations or until the required value of the minimized
function is achieved.

1,03
1,0295

3.

An example of the application of the approach to
a Cubesat 3U nanosatellite equipped with a
propulsion system
Taking into account the motion model and the
measurement model, it is necessary to change the vector
of the estimated parameters (2), so that it contains not
only the moments of inertia, but the parameters of the
angular motion. The modified vector of the estimated
parameters has the form

1,029
0

0,02

0,04

0,06

0,08

Fuel level, m
Fig. 4 Dependence 𝜆(𝑙𝑡 )
-0,75
-0,755

𝑏 = [𝜔𝑥 (t 0 ), 𝜔𝑦 (t 0 ), 𝜔𝑧 (t 0 ), ψ(t 0 ), α(t 0 ), 𝜑(t 0 ), 𝜆, µ, 𝑝]

0

0,02

0,04

0,06

0,08

𝑏 = [𝜔𝑥 (t 0 ), 𝜔𝑦 (t 0 ), 𝜔𝑧 (t 0 ), ψ(t 0 ), α(t 0 ), 𝜑(t 0 ), 𝑙𝑡 , 𝑝]
Next, we obtain the dependences, 𝜆(𝑙𝑡 ) and µ(𝑙𝑡 ) ,
using the example of a nanosatellite with a propulsion
system, described in [12].

Fig. 3 Nanosatellite scheme
The calculation of the functions, , 𝜆(𝑙𝑡 ) and µ(𝑙𝑡 ),
consists in determining the coordinates of the
nanosatellite's center of mass, and then recalculating the
moments of inertia by the Steiner theorem.
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µ

-0,76
where, 𝜔𝑥 (t 0 ), 𝜔𝑦 (t 0 ), 𝜔𝑧 (t 0 ) – angular velocity
initial values, ψ(t 0 ), α(t 0 ), 𝜑(t 0 ) – initial orientation
angles, λ,µ - dimensionless inertia coefficients, p –
aerodynamic coefficient.
With the known design of the spacecraft, it is possible
to obtain the dependences of the coefficients λ and μ on
the fuel level 𝑙𝑡 , which makes it possible to shorten the
vector of the estimated parameters, eliminating the values
λ, μ from it, which positively affects the convergence of
the optimization method. Thus, the vector of estimated
parameters used in this problem has the form

-0,765
-0,77

-0,775
-0,78
Fuel level, m
Fig. 5 Dependence µ(𝑙𝑡 )
3.1 Simulation conditions
The algorithm was simulated under the following
conditions:
 The angular velocity module does not exceed 1
deg / sec, the initial orientation angles lie in the
range ± 20 degrees, which is ensured by the
operation of the magnetic stabilization system.
 The simulation periods were 1 turn T, half the
revolution 0.5T and a quarter turn 0.25T.
 The characteristics of the noise measurements of
the sensors σ are given in the Table1 (Appendix
A).
 The fuel level in the tank was 35mm which
corresponds to half the capacity of the tank
 The moments of inertia of an empty nanosatellite
are determined with an accuracy of 5%
Ground estimates are used as the range of allowable
values for moments of inertia, so the estimates obtained
as a result of the algorithm work are limited to groundbased estimates of moments of inertia
3.2 Simulation results
Let's estimate the maximum methodological error of
the method in determining the level of fuel for various
measuring sensors, which corresponds to a measuring
period of 0.25T (Fig. 5), with increasing period, the
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method error decreases, as will be shown below, the error
caused by measurement noise is also reduced. As can be
seen from the plot, a method error with a probability of
0.95 does not exceed 0.03%. Results for different values
of measurement noise are shown on Fig. 1, Fig. 2, Fig. 3
Appendix A.

Fig. 7 Distribution of the moment of inertia Iy

Fig. 5 Methodological error of the method
Moments of inertia of an empty nanosatellite can be
determined on Earth with an accuracy of 5%. Thus, the
moments of inertia of the nanosatellite with fuel will be
the sum of the moments of inertia of the empty satellite
and the moments of inertia of the fuel. We assume that
the estimates of the moments of inertia are distributed
according to the normal law. The distribution of the
moments of inertia Ix Iz is shown in Fig. 6 and the
moment Iy in Fig. 7.

Probabilistic characteristics of the estimated
moments of inertia are presented in the table 1
Table 1 Probabilistic characteristics of the estimated
moments of inertia
Inertia moment
Variance σ
Mean 𝐼 ̅
Ix
0.04505
5.5 10−7
Iy
0.00903
2.2 10−8
Iz
0.04376
5.4 10−7
As a result of the algorithm, fuel level estimates were
obtained which, according to the functions 𝜆(𝑙𝑡 ) and
µ(𝑙𝑡 ) , were recalculated at moments of inertia. The
resulting distribution of estimates is shown at Fig. 8 and
Fig. 9. The distribution of the moments of inertia Ix Iz is
shown in the Fig. 8. and moment Iy on the Fig. 9. These
estimates are valid for angular velocity sensor and
magnetometer since they have the same accuracy

Fig. 6 Distribution of the moments of inertia Ix Iz
Fig. 8 Distribution of the moments of inertia Ix Iz
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Table 2 Probabilistic characteristics of the estimated
moments of inertia

Real
values
Testing
stand

Fig. 9 Distribution of the moments of inertia Iy
The results for light sensors are shown below

Magneto
meter or
angular
velocity
sensor
Light
sensors

Ix

Iy

Iz

0.045044

0.009032

0.043759

Mean 𝐼 ̅
kg 𝑚2
Variance
σ kg 𝑚2
Mean 𝐼 ̅
kg 𝑚2

0.04505

0.00903

0.04376

5.5 10−7

2.2 10−8

5.4 10−7

0.04504

0.00903

0.04376

Variance
σ kg 𝑚2

1,9 10−9

1,4 10−11

1,8 10−9

0.04503

0.00903

0.04376

1,2 10−7

9 10−10

1,17 10−7

Mean 𝐼 ̅
kg 𝑚2
Variance
σ kg 𝑚2

Thus, it can be seen that the use of light sensors does
not significantly improve the accuracy of estimates of
moments of inertia. This is due to the fact that the
illumination sensors are periodically obscured due to the
rotation of the nanosatellite. To improve the estimates it
is necessary to carry out measurements over an interval
of more than one turn. Using a magnetometer or
gyroscope allows solving the problem in one turn.

Fig. 10 Distribution of the moments of inertia Ix Iz

Fig. 11 Distribution of the moments of inertia Iy
The result values are shown in Table 2
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4. Results
As a result of modeling, it is possible to form
requirements for on-board nanosatellite measuring
instruments. So it is necessary to use a scientific
magnetometer with low measurement noise (not more
than 75 nT), a problem can be solved with GYR (σ not
more than 0.01 deg/s). When using light sensors, it is
necessary to make measurements over a longer
measurement interval.
5. Discussion
This approach can be useful in several cases: firstly,
it can be applied in parallel with the standard control
system algorithm, allowing in-flight to specify moments
of inertia and use them in the control system, secondly,
in case of abnormal situation on board (failure of the
measurement system fuel level, incomplete disclosure or
non-disclosure of solar cells), and thirdly, this method
can be used to control the disclosure of solar cells or to
monitor the operation of a propulsion system or any other
event affecting change in the magnitude of the moments
of inertia.
6. Conclusions
A requirements for on-board sensors were formed. It
is shown that the problem can be solved on one orbital
turn by using a gyroscope or a magnetometer.

Page 6 of 8

69th International Astronautical Congress (IAC), Bremen, Germany, 1-5 October 201_.
Copyright ©2018 by the International Astronautical Federation (IAF). All rights reserved.

Appendix B (Simulation results)
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Appendix A (Simulation conditions)
Table 1. The characteristics of the noise measurements of
the sensors σ
Plot
Sensor
Period
Noise σ
index
0 deg/s
А1.1
0,001 deg/s
А1.2
T
0,01 deg/s
А1.3
0,1 deg/s
А1.4
0 deg/s
А2.1
0,001
deg/s
А2.2
Angular
0.5T
velocity
0,01 deg/s
А2.3
0,1 deg/s
А2.4
0 deg/s
А3.1
0,001 deg/s
А3.2
0.25T
0,01 deg/s
А3.3
0,1 deg/s
А3.4
0 nT
M1.1
75 nT
M1.2
T
200 nT
M1.3
500 nT
M1.4
0 nT
M2.1
75 nT
M2.2
Magnetom
0,5 T
eter
200 nT
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Fig. 1 Error cumulative probability for GYR

Fig. 2 Error cumulative probability for magnetometer

Fig. 3 Error cumulative probability for light sensors
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